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For a given set X , the set F(X) of all maps from X to X forms a semigroup under
composition. A subsemigroup S of F(X) is said to be saturated if for each x ∈ X there
exists a set Ox ⊆ X with x ∈ Ox such that S = { f ∈ F(X) | f (x) ∈ Ox ∀x ∈ X}. It is
shown that there exists a one-to-one correspondence between principal topologies on
X and saturated subsemigroups of F(X). Some properties of principal topologies on X
and the corresponding properties of their associated saturated subsemigroups of F(X) are
discussed.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Given a semigroup (S, ·), Green’s left quasiorder L is given by a L b if a = u · b for some u ∈ S1 (see [4]). In [1],
Alexandroff established that the quasiorders on a set X are equivalent to the principal topologies on X . Thus for a given
semigroup S , its Green’s left quasiorder gives rise to a principal topology τ on S . The connection between semigroups
and Green’s quasiorders is well known by algebraists, while the equivalence of quasiorders and principal topologies has
been studied intensely by topologists and computer scientists (see [3]). On the other hand, direct connections between
semigroups and principal topologies have received less attention, but are addressed in this paper. As seen in [8], not every
principal topology on a set X arises from an underlying semigroup structure on X via Green’s quasiorder. Furthermore, the
relationship between Green’s quasiorders on a semigroup S and the associated principal topology τ seems rather delicate
since subspaces of τ do not necessarily correspond to subsemigroups of S (see Example 3.1 in [8]). The purpose of this
paper is to establish a one-to-one correspondence between principal topologies on a set X and appropriate transformations
semigroups on X , for which subspaces can be identiﬁed with subsemigroups in a natural way. We give examples and con-
clude by discussing how topological properties of X translate to corresponding properties of the associated transformation
semigroup on X .
2. Semigroup actions and transformation semigroups
A semigroup (S, ·) is a nonempty set S together with a binary associative operation · . For a semigroup S , S1 denotes
the semigroup obtained from S by adding an identity, if necessary. That is, S1 = S if S has an identity, and S1 = S ∪ {1}
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semigroup under the operation inherited from S .
Analogous to a group action on a set (e.g., see II.2 of [6]), one can deﬁne a semigroup action on a set as follows.
Deﬁnition 2.1. Let (S, ·) be a semigroup and X a nonempty set. We say S acts on the set X if there exists a function ∗ :
S × X → X such that s1 ∗ (s2 ∗ x) = (s1 · s2) ∗ x for all s1, s2 ∈ S , x ∈ X , and 1 ∗ x= x for all x ∈ X if S contains an identity 1.
If a semigroup S acts on a set X , then for x ∈ X , we call the set {s ∗ x | s ∈ S} the orbit of x, and denote it by Ox . Observe
that for any x, y ∈ X with x ∈ O y , we have Ox ⊆ O y . If S does not have an identity, we may assume S1 acts on X by setting
1 ∗ x = x for all x ∈ X , and thus x ∈ Ox for all x ∈ X in this case. Note that any semigroup (S, ·) acts on itself using its binary
operation ·. Under this action, the orbit of an element a ∈ S is the principal ideal Sa = {s · a | s ∈ S1}.
For any nonempty set X , let F(X) denote the semigroup of all maps from X to X under composition. Any subsemigroup
of F(X) is called a transformation semigroup on X .
We recall the theorem for semigroups analogous to Cayley’s theorem in group theory (see Theorem 1.1.2 of [5]).
Theorem 2.2. Every semigroup S is isomorphic to a transformation semigroup on S1 .
This theorem is proved by deﬁning for each s ∈ S a map ls : S1 → S1 by ls(a) = s · a. Then the map α : S →F(S1) given
by α(s) = ls gives the desired isomorphism.
3. Topologies arising from semigroup actions
A topology on a set X is called a principal topology if arbitrary intersections of open sets are open. Given a principal
topology τ on X , every element x ∈ X has a minimal open neighborhood Mx =⋂{U ∈ τ | x ∈ U }, and the collection {Mx |
x ∈ X} of minimal open neighborhoods forms a basis for τ . Every ﬁnite topology on a set X is a principal topology. Let S
be a semigroup acting on a nonempty set X . Replacing S by S1 if necessary, we may assume that S has an identity, and
thus x ∈ Ox for all x ∈ X . We will ﬁrst show that the collection O = {Ox | x ∈ X} of orbits forms a basis for some principal
topology on X . We will use the following proposition found in [8].
Proposition 3.1. Let X be a nonempty set and let B = {Bi: i ∈ I} be a collection of nonempty subsets of X . Then B is a basis consisting
of all the minimal open neighborhoods for some principal topology on X if and only if
(1)
⋃B = X.
(2) For any subcollection C ⊆ B and x ∈⋂C , there exists B ∈ B with x ∈ B ⊆⋂C .
(3) For any B ∈ B, B and B \ {B} are not equivalent bases; that is, B \ {B} is either not a basis for any topology on X or does not
generate the same topology as B.
Proposition 3.2. Let S be a semigroup (with identity) acting on a nonempty set X . Then the collectionO = {Ox | x ∈ X} of orbits is a
basis consisting of all minimal open neighborhoods for some principal topology on X.
Proof. Since S is assumed to have an identity, x ∈ Ox for all x and thus X =⋃O. If C ⊆O is a subcollection of orbits, then
x ∈⋂C implies that x ∈ O y for every O y ∈ C and hence Ox ⊆ O y for all O y ∈ C . Thus, x ∈ Ox ⊆⋂C . To show condition (3)
of Proposition 3.1 holds, let Oa ∈ O be ﬁxed for some a ∈ X . If a /∈⋃(O \ {Oa}), then the collection O \ {Oa} is not a
basis for any topology on X . If a ∈⋃(O \ {Oa}), let C = {Ox ∈ (O \ {Oa}) | a ∈ Ox} be the nonempty collection of all orbits
which contain a and are different from Oa . Note that Oa ⊆⋂C since for all x with a ∈ Ox we have Oa ⊆ Ox . Moreover,
Oa ⊂ Ox for all Ox ∈ C since C does not contain Oa . If O \ {Oa} is a basis for a principal topology on X , then there exists
O y ∈ O \ {Oa} such that Oa ⊂ O y ⊆⋂C and O y 	= Oa is the minimal open neighborhood of a. So O \ {Oa} does not
generate the same topology on X as O. 
If a semigroup S is acting on a set X , we will denote the principal topology generated by the orbits of this action by τS .
4. The main theorem
Given any nonempty set X and a subsemigroup S = S1 of F(X), S acts on X via the evaluation map ϕ : S × X → X
deﬁned by ϕ( f , x) = f (x) for all f ∈ S ⊆ F(X) and all x ∈ X . The resulting principal topology on X has minimal open
neighborhoods Ox = { f (x) | f ∈ S}. Clearly two subsemigroups S1 and S2 of F(X) generate the same topology on X by ϕ if
and only if { f (x) | f ∈ S1} = { f (x) | f ∈ S2} for every x ∈ X , i.e., if and only if the orbits of their actions on X are the same.
We next deﬁne the notion of a saturated subsemigroup of F(X) to be the maximal subsemigroup of F(X) generating a
certain topology.
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(1) id ∈ E , where id : X → X is deﬁned by id(x) = x for all x ∈ X .
(2) When considering E to act on X via the evaluation map and, for each x ∈ X , letting Ox denote the orbit of x under this
action, then E = { f ∈F(X) | f (x) ∈ Ox for every x ∈ X}.
Clearly any saturated subsemigroup E of F(X) contains any subsemigroup of F(X) that generates τE on X . We are now
ready to present the main theorem.
Theorem 4.2. Let X be any nonempty set. There is a one-to-one correspondence between the principal topologies on X and the
saturated transformation semigroups on X.
Proof. For a given principal topology τ on X and x ∈ X , let Mx denote the minimal open neighborhood containing x.
Observe that for x, y ∈ X , y ∈ Mx implies My ⊆ Mx . We want to show that the set Sτ = { f ∈ F(X) | f (x) ∈ Mx for every
x ∈ X} is a saturated transformation semigroup on X . Since x ∈ Mx for every x ∈ X , it follows that the identity map id is an
element in Sτ and Sτ 	= ∅. Furthermore, if f , g ∈ Sτ , then for any x ∈ X , g(x) ∈ Mx and f (g(x)) ∈ Mg(x) . Since g(x) ∈ Mx
implies Mg(x) ⊆ Mx , we have ( f ◦ g)(x) = f (g(x)) ∈ Mg(x) ⊆ Mx and thus f ◦ g ∈ Sτ . So Sτ is a subsemigroup of F(X).
Letting Sτ act on X via evaluation, it is clear that for any x ∈ X , the orbit Ox ⊆ Mx . To show that Ox = Mx for x ∈ X , let
b ∈ Ma for some a ∈ X . Then deﬁne a map f : X → X by f (a) = b and f (x) = x for x ∈ X \ {a}. Clearly f ∈ Sτ and hence
b ∈ Oa , i.e., Oa = Ma . Thus, Ox = Mx for all x ∈ X and Sτ is saturated.
Conversely, if S is a transformation semigroup on X , then by Proposition 3.2 the collection O = {Ox | x ∈ X} of orbits
forms a basis of minimal open neighborhoods for a principal topology τS on X . If S additionally is saturated, it follows that
S = { f ∈F(X) | f (x) ∈ Ox for every x ∈ X}, which was denoted by SτS in the previous paragraph. So, saturated transforma-
tion groups on X and principal topologies on X are equivalent in the way described. 
Let X be a topological space with principal topology τ and let Y ⊆ X be a subspace of X with topology σ . Then the
associated saturated semigroups will be denoted by Sτ ⊆ F(X) and Sσ ⊆ F(Y ), respectively. Any f ∈ Sσ can be extended
to an element fˆ ∈ Sτ by setting fˆ (x) = x for x ∈ X \ Y and fˆ (y) = f (y) for y ∈ Y . We may identify Sσ with the saturated
subsemigroup Sˆσ = {g ∈ Sτ | g = fˆ for some f ∈ Sσ } and consider Sσ as a saturated subsemigroup of Sτ . On the other
hand, any saturated subsemigroup of Sτ is easily seen to correspond to a principal topology on X with each minimal
neighborhood being contained in the corresponding minimal neighborhood under τ .
Remark 4.3. Given a semigroup S with identity, the topology induced on S by Green’s left quasiorder is simply the topology
τS when S is considered as acting on itself via its semigroup operation. Furthermore, using the identiﬁcation made in the
proof of Theorem 2.2 we may consider S to be a subsemigroup S˜ of F(S) and then S˜ acting via evaluation on S coincides
with S acting on itself. Observe that then according to Theorem 4.2, the topology τS = τ S˜ corresponds to the smallest
saturated subsemigroup of F(S) that contains S˜ .
Remark 4.4. In general, if a semigroup S acts on a set X and hence induces a topology on X with minimal open neighbor-
hoods being the orbits, then the action map ∗ : S × X → X is continuous when S is given the topology derived from Green’s
quasiorder.
5. Examples and simple constructions
The study of principal topologies is largely motivated by the utilization of ﬁnite topologies in computer applications,
where the digital representation of real numbers or graphical representation of images on a screen necessarily occur in
a ﬁnite space. The examples below illustrate the bijective correspondence of Theorem 4.2 for principal topologies which
happen to be inﬁnite.
Given a set X and a subset T ⊆F(X), we let 〈T 〉 denote the transformation semigroup generated by T , i.e., 〈T 〉 =⋂{S |
T ⊆ S ⊆ F(X), S a semigroup}. Then 〈T 〉 acts on X via the evaluation map and gives rise to a topology τ on X which
according to Theorem 4.2 corresponds to a saturated transformation semigroup on X , denoted by 〈T 〉sat. More directly, we
see that 〈T 〉sat = {g ∈F(X) | ∀x ∈ X ∃ f ∈ 〈T 〉 with g(x) = f (x)} = {g ∈F(X) | for every x ∈ X, g(x) ∈⋃{ f (x) | f ∈ 〈T 〉}} and
〈T 〉sat is the smallest saturated transformation semigroup that contains T . So when giving examples, we may start with any
subset T ⊆F(X).
Example 5.1. Let X = R and T = { f : R → R | f (x)  x ∀x ∈ R}. It is easy to verify that T itself is already a saturated
transformation semigroup on R. Furthermore, T corresponds to the topology τT where for any a ∈ R, (−∞,a] is the minimal
open neighborhood of a. Thus, τT is the closed left ray topology on R.
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to x. Then 〈T 〉sat = { f ∈ F(X) | ∀x: f (x) ∈ {x, x}} and corresponds to the principal topology on R with minimal open
neighborhood basis {{x, x} | x ∈ R}.
Example 5.3. Let X = Z and T = { f+, f−} ⊆F(X) where f+ and f− are deﬁned by
f+(x) =
{
x if x is odd,
x+ 1 if x is even, and f−(x) =
{
x if x is odd,
x− 1 if x is even.
One can readily see that 〈T 〉sat = { f : Z → Z | f (x) = x if x is odd and f (x) ∈ {x− 1, x, x+ 1} if x is even}. Then 〈T 〉sat gives
the Khalimsky topology on Z (see [7]) for which the minimal open neighborhood for every odd k is Mk = {k} and for every
even k is Mk = {k − 1,k,k + 1}.
Let X be a topological space with basis {Mx | x ∈ X} of minimal open neighborhoods. If h : X → Y is a bijection, then Y
can be endowed with a topology via pullback making X and Y homeomorphic via h, i.e., Y is given the topology with the
minimal open neighborhood of h(x) being h(Mx). If S ⊆ F(X) is the saturated transformation semigroup corresponding to
the topological space X , then it is easy to verify that h ◦ S ◦h−1 = {h ◦ f ◦h−1 | f ∈ S} ⊆F(Y ) is the saturated transformation
semigroup corresponding to Y .
Example 5.4. Let X = R and T be as in Example 5.1. Let h :R → R be given by h(x) = −x. Then h ◦ T ◦ h−1 = { f :R → R |
f (x) x ∀x ∈ R} and R = h(R) has a basis of minimal open neighborhoods {[a,∞) | a ∈ R}.
Example 5.5. Let X = Z and 〈T 〉sat be as in Example 5.3. Let h : Z → Z be given by h(x) = x + 1. Then h ◦ 〈T 〉sat ◦ h−1 =
{ f :Z → Z | f (x) = x if x is even and f (x) ∈ {x− 1, x, x+ 1} if x is odd}. So Z = h(Z) has a basis of minimal neighborhoods
{{2k}, {2k,2k + 1,2k + 2} | k ∈ Z}.
Example 5.6. Let X = N and T = { f : N → N | f (x) divides x for each x}. T is easily seen to be a saturated transformation
semigroup on N and the corresponding topology has the minimal neighborhood of a ∈ N given by Ma = {d | d divides a}.
Example 5.7. Let A be any nonempty set of any cardinality. Let X = P(A) be the power set of A. Deﬁne T = { f : P(A) →
P(A) | f (B) ⊆ B for all B ∈P(A)}. Then T is a saturated transformation semigroup on P(A) and corresponds to the princi-
pal topology on P(A) with minimal neighborhood basis {P(B) | B ∈P(A)}.
If X is a space with principal topology τ and hence any intersection of open sets is open, one can reverse the role
of open and closed sets and obtain a new topological space called the dual space of (X, τ ), denoted ( Xˆ, τˆ ). If S is the
saturated transformation semigroup on X corresponding to (X, τ ), then ( Xˆ, τˆ ) corresponds to Sˆ given by Sˆ = {g ∈ F(X) |
for every x: g(x) ∈⋃ f ∈S f −1({x})}.
With this in mind, observe that Example 5.4 is the dual space of Example 5.1, and Example 5.5 is the dual space of
Example 5.3. In both these cases the space X and its dual are homeomorphic. The following two examples show that this
need not always be the case.
Example 5.8. Let X = N and T be as in Example 5.6. Then its dual Xˆ has corresponding saturated transformation semigroup
Tˆ = { f :N → N | x divides f (x) for each x}. Thus the minimal open neighborhood of an element x in Xˆ is given by Mx =
{kx | k ∈ N}. The minimal open neighborhoods in X are each ﬁnite while in Xˆ they are each inﬁnite. Thus, X and Xˆ are not
homeomorphic.
Example 5.9. Let X = R and T be as in Example 5.2. Then its dual Xˆ has corresponding transformation semigroup Tˆ =
{ f :R → R | f (x) = x for all x /∈ Z and x f (x) < x + 1 for x ∈ Z}. Thus the minimal open neighborhood of an integer x is
Mx = [x, x+ 1) while for any x ∈ R \ Z, we have Mx = {x}.
Example 5.10. Let X = P(A) be the topological space given in Example 5.7. Then its dual space Xˆ is homeomorphic to
X with the topology induced by the bijection h : P(A) → P(A) given by h(B) = A \ B and corresponds to the saturated
transformation semigroup Tˆ = { f :P(A) →P(A) | f (B) ⊇ B for every B ∈P(A)}.
6. Topological properties and their semigroup analogs
Let X be a set with principal topology τ and corresponding saturated semigroup Sτ ⊆F(X). It is easy to see that X has
the discrete topology if and only if Sτ = {id}, and has the indiscrete topology if and only if Sτ =F(X). Let Iτ = { f ∈ Sτ | f
has an inverse in Sτ } denote the subsemigroup of Sτ consisting of all invertible elements of Sτ . Note that id ∈ Iτ and
Iτ is actually a group. Letting Iτ act on X via evaluation, the orbits of this action give the sets of points with the same
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their minimal open neighborhoods Mx and My in τ are equal. Recall that τ is a T0 topology if for any two distinct points
x, y ∈ X , we have y /∈ Mx or x /∈ My . Thus, X has a T0 topology τ if and only if Iτ = {id}, which simply implies Mx 	= My
for any x 	= y, as needed. X has a T3 topology τ if the minimal open neighborhoods form a partition of X (see [2]). Hence
this is the case if and only if Sτ and Iτ generate the same topology by their action on X .
Remark 6.1. If X is a discrete topological space and consequently Sτ = {id}, it is clear that every subspace of X corresponds
to Sτ under the identiﬁcation made following Theorem 4.2 and cannot be distinguished based on the associated saturated
subsemigroup of Sτ . On the other hand, if X is a space with principal topology such that, for all x ∈ X , {x} is not both
open and closed, then subspaces of X with the same property are in one-to-one correspondence with certain saturated
subsemigroups of Sτ as follows: For a subsemigroup U of Sτ ⊆ F(X), let OUw and O Sτw denote the orbits of w ∈ X under
the actions of U and Sτ , respectively. Then any saturated subsemigroup U of Sτ ⊆F(X) with the property that whenever
z ∈ O Sτx \ OUx for some x ∈ X , then OUz = {z} corresponds to the subspace Y = {x ∈ X | ∃y ∈ X such that {x} ⊂ OUy }.
We conclude by characterizing a disconnected principal topological space X in terms of properties of its associated
transformation semigroup on X . The space X is disconnected if there exist disjoint nonempty open subspaces X1 and X2
such that X1 ∪ X2 = X . In this case, for S1 = { f ∈ Sτ | f |X2 = idX2} and S2 = { f ∈ Sτ | f |X1 = idX1 }, S1 and S2 are saturated
subsemigroups of Sτ ⊆F(X) with Sτ = S1 ◦ S2 = S2 ◦ S1. Furthermore, for any f i ∈ Si , f1 ◦ f2 = f2 ◦ f1 and f1(x) = f2(y)
implies f1(x) = x or f2(y) = y. If Si = {id}, then Xi is a discrete nonempty open subspace of X . The following theorem
shows that this completely characterizes a disconnected principal topological space.
Theorem 6.2. Let X be a topological space with principal topology τ and let Sτ denote the corresponding saturated subsemigroup of
F(X). Assume X contains at least two elements. Then X is disconnected if and only if either
(1) there exists an x ∈ X such that f (x) = x and f (y) 	= x for all f ∈ Sτ and all y ∈ X \ {x}, or
(2) there exist proper saturated subsemigroups S1 and S2 of Sτ ⊆ F(X) such that S1 ∩ S2 = {id}, Sτ = S2 ◦ S1 = S1 ◦ S2 , the
elements of S1 commute with those of S2 (i.e., f1 ◦ f2 = f2 ◦ f1 for all f1 ∈ S1 , f2 ∈ S2), and f1(x) = f2(y) for some fi ∈ Si and
some x, y ∈ X implies f1(x) = x or f2(y) = y.
Proof. If X is disconnected and X1, X2 are nonempty disjoint open subspaces of X with X1 ∪ X2 = X , then S1 and S2
deﬁned as above are saturated subsemigroups of Sτ clearly satisfying the conditions in (2), except possibly not being proper.
If, without loss of generality, S1 is not a proper subset of Sτ , then the conditions S1 ∩ S2 = {id} and Sτ = S1 ◦ S2 = S2 ◦ S1
imply that S2 = {id}. It follows from the deﬁnition of S2 that X2 is a discrete open nonempty subspace of X and thus for
any x ∈ X2 we have f (x) = x and f (y) 	= x for any y ∈ X \ {x} and any f ∈ Sτ . So, (1) is satisﬁed.
Conversely, if (1) holds, then X1 = {x} and X2 =⋃{O y | y ∈ X \ {x}} are nonempty disjoint open subspaces of X with
X = X1 ∪ X2 and X is disconnected. On the other hand, assume (1) does not hold, but S1 and S2 exist as described in
condition (2). Since (1) does not hold, for every x ∈ X , either there exists an f ∈ Sτ such that f (x) 	= x or there exists
y ∈ X \ {x} such that f (y) = x for some f ∈ Sτ . It follows that {x} ⊂ Ox or x ∈ O y for some y 	= x. In either case, for each
x ∈ X there exists y ∈ X (possibly y = x) such that x ∈ O y and O y contains more than one element. Thus, X =⋃{Ox |
x ∈ X, {x} ⊂ Ox}. Let O 1x and O 2x denote the orbits of an element x ∈ X under S1 and S2 acting on X , respectively. We
ﬁrst observe that for any x ∈ X , it is not possible that both {x} ⊂ O 1x and {x} ⊂ O 2x . Suppose to the contrary, y ∈ O 1x and
z ∈ O 2x with y 	= x and z 	= x. Since both S1 and S2 are saturated and S1 ∩ S2 = {id}, it follows that O 1x ∩ O 2x = {x} and
thus z 	= y. Furthermore, S1 and S2 being saturated implies that f1 : X → X deﬁned by f1(x) = y, f1(a) = a for a ∈ X \ {x}
is in S1 while f2 : X → X deﬁned by f2(x) = z, f2(a) = a for a ∈ X \ {x} is an element of S2. Now ( f1 ◦ f2)(x) = z and
( f2 ◦ f1)(x) = y, which contradicts condition (2). Thus, for any x ∈ X , at most one of the orbits O 1x or O 2x contains more
than the one element x. Now Sτ = S1 ◦ S2 = S2 ◦ S1 also implies that Ox = O 1x or Ox = O 2x . Since from above X =
⋃{Ox |
x ∈ X, {x} ⊂ Ox}, we have X =⋃{O 1x | x ∈ X, {x} ⊂ O 1x} ∪⋃{O 2x | x ∈ X, {x} ⊂ O 2x}. Thus, X1 =⋃{O 1x | x ∈ X, {x} ⊂ O 1x}
and X2 =⋃{O 2x | x ∈ X, {x} ⊂ O 2x} are nonempty open subspaces of X with X = X1 ∪ X2. To show that X1 and X2 are
disjoint, suppose w ∈ X1 ∩ X2. Then for some x, y ∈ X , w ∈ O 1x ∩ O 2y where {x} ⊂ O 1x and {y} ⊂ O 2y . Since, from above, for
any x ∈ X , O 1x = {x} or O 2x = {x}, it follows that x 	= y. Since both S1 and S2 are saturated transformation semigroups, there
exist f1 ∈ S1 and f2 ∈ S2 with f1(x) = w = f2(y). Condition (2) implies that x = w or y = w and we may assume, without
loss of generality, x= w and f2(y) = w 	= y. Since {w} ⊂ O 1w and S1 is saturated, there exists an element f˜1 ∈ S1 such that
f˜1(w) 	= w and f˜1(y) = y. Thus ( f˜1 ◦ f2)(y) = f˜1(w) 	= w while ( f2 ◦ f˜1)(y) = f2(y) = w , which contradicts condition (2).
Hence X1 and X2 are disjoint and X is disconnected. 
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